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Abstract
Within the framework of the quasi-geostrophic approximation, the interactions of two identical initially circular vortex patches are
studied using the contour dynamics/surgery method. The cases of barotropic vortices and of vortices in the upper layer of a two-layer
fluid are considered. Diagrams showing the end states of vortex interactions and, in particular, the new regime of vortex triplet
formation are constructed for a wide range of external parameters. This paper shows that, in the nonlinear evolution of two such
(like-signed) vortices, the filaments and vorticity fragments surrounding the merged vortex often collapse into satellite vortices.
Therefore, the conditions for the formation and the quasi-steady motions of a new type of triplet-shaped vortex structure are obtained.
Keywords Vortex interaction . Vortex merger . Filamentation . Triplet . Quasi-Geostrophy

1 Introduction
The problem of vortex merger (and more generally of vortex
interactions such as pairing, alignment, multipole formation,
associated with possible vortex splitting and filamentation) is
very important in hydrodynamics in general and in geophysical hydrodynamics in particular. The first theoretical studies
of the vortex merger mechanism began about 50 years ago and
date back to works by Roberts and Christiansen (1972),
Christiansen and Zabusky (1973), Winant and Browand
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(1974), Roshko (1976), Zabusky et al. (1979), Saffman and
Szeto (1980), and Overman and Zabusky (1982). The experimental confirmation of the formation and development of the
merger process of vortices was first obtained in Freymuth et
al. (1984, 1985). Further development of various aspects of
the problem has been carried out by many authors such as
Dritschel (1986), Capéran and Verron (1988), Melander et
al. (1988), Polvani et al. (1989), Verron et al. (1990),
Carnevale et al. (1991), Verron and Hopfinger (1991),
Carton (1992), Waugh (1992), Dritschel and Waugh (1992),
Bertrand and Carton (1993), Hopfinger and van Heijst (1993),
Valcke and Verron (1993), Verron and Valcke (1994),
Dritschel and Zabusky (1996), Sokolovskiy and Verron
(2000), von Hardenberg et al. (2000), Carton (2001),
Meunier and Leweke (2001), Meunier et al. (2002), Reinaud
and Dritschel (2002), Carton et al (2002), Cerretelli and
Williamson (2003), Reinaud and Dritschel (2005), Bambrey
et al. (2007), Delbende et al. (2015), Ciani et al. (2016), and
Carton et al. (2016, 2017). A more complete bibliography is
presented in Sokolovskiy and Verron (2014).
When vortices merge, fluid and tracer mixing intensifies.
Oceanographic studies focus on vortex displacement,
interactions, and associated mixing in connection with the
transport and redistribution of heat, salt, phytoplankton and
zooplankton, pollution, and water masses in general.
Chelton et al. (2011) found that, among the 177,000 eddies
that they detected in satellite altimetry maps over 16 years,
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about 36,000 eddies lived longer than 4 months and 3/4 of
them propagated westward and thus carried their water masses
over large distances across the oceans. Eddy interaction and
decay in particular in the ocean interior can then mix the water
masses. This is confirmed also at a more local scale (e.g., in
Rousselet et al. 2016; Capuano et al. 2018). Katsumata
(2016), using Argo floats, showed that zonally integrated meridional eddy transports in the upper 1000 dbar were poleward
at latitudes higher than about 40° and poleward at lower latitudes. Zhang et al. (2014) estimate that the depth-integrated
eddy heat transport is about 0.12 PW in the northern western
boundary current region and 0.38 PW near the Antarctic
Circumpolar Current.
The simplest inviscid 2D model, within which one can
investigate the merging process, includes the problem of the
interaction of two identical finite-core vortices [piecewiseconstant Bvortex patches^ (VP) or Bfinite areas vorticity
regions^ (FAVR) (Overman and Zabusky 1982)]. If in a layer
of a homogeneous fluid, two cylindrical vortices with vertical
axes and with the same vorticity, which are located far enough
from each other, they, like point vortices, rotate uniformly
relative to the common vorticity center (Lamb 1932). In the
limiting case of discrete vortices, the angular velocity of rotation is simply written
ω ¼ κ=4πh2

d j q j =dt ¼ 0;


q j ¼ ∇ 2 ψ j þ γ 2 ψ3− j −ψ j =d j ;

j ¼ 1; 2;

ð2Þ

where γ2 = d1d2g'(d1 + d2)/f02 is the parameter of stratification,
the Coriolis parameter f0 is constants, the reduced gravity
g ' = g(ρ2 − ρ1)/ρ0, dj/dt = ∂/∂t + uj∂/∂x + vj∂/∂y and indices 1
and 2 correspond to the upper and lower layers with thicknesses d1 and d2.
Assuming that the potential vorticity has a piecewiseconstant distribution, in carrying out numerical experiments,
we will use the standard procedures of the contour dynamics/
surgery method (Sokolovskiy and Verron 2000, 2014).
Using vortex parity of these models, we can assume here
that both vortices are cyclonic, that is, that their potential vorticity is positive. In the barotropic case, the vorticity sign determines only the direction of rotation. In the case of a twolayer fluid, due to the hydrostatic and geostrophic balance, it
also determines the shape of the local deformations of the
interface between the layers: for anticyclonic vortices, the surface would bend downward under both vortices; with cyclonic
vortices, it would be upward.
We now consider successively the barotropic and the
baroclinic two-layer cases.

ð1Þ

(κ is the intensity of vortex, and h is half the distance
between them) and becomes singular at h → 0. This singularity is absent for circular finite-area vortices of radius R: there is
some minimum distance between their centers at which the
vortices merge. The critical distance of merging, (h R)crit ≈
1.6, was firstly determined by Saffman and Szeto (1980) and
confirmed many times, including by experimental means
(Hopfinger and van Heijst 1993). The tendency to merge for
like-sign vortices initially located at a certain distance from
each other is a simple but fundamental property of distributed
vortices.
In this paper, the objective is to give a detailed and comprehensive classification of the modes of interaction of two initially
circular VPs for two cases: (1) eddies in a barotropic fluid, (2)
vortices in the upper layer of a two-layer fluid (Fig. 1).
The investigation was carried out within the framework of
the quasi-geostrophic approximation, within which, in the
barotropic case, the equation of conservation of a potential
vortex q is satisfied
dq=dt ¼ 0;

In the two-layer case, we have:

q ¼ ∇ 2 ψ;

where ∇ 2 = ∂2/∂x2 + ∂2/∂y2 and d/dt = ∂/∂t + u∂/∂x + v∂/∂y are
2D Laplace operators and the total time derivative and ψ is the
stream function.

2 Vortices in a barotropic fluid
In Fig. 2, the dependence of the angular velocity of two discrete vortices is presented (i) with regard to h; ω(h) is calculated from Formula (1), and (ii) with regard to h/R, ω(h/R) is
then the angular velocity of the centers of two distributed
vortices, calculated numerically in the range (h/R) ≥ (h/R)crit,
where the latter is the (scaled) critical distance for merger. In
addition, in Fig. 2, the colored intervals of the horizontal axis
represent the intervals defining the various modes of behavior
of the vortices.
Our calculations show that (h/R)crit = 1.7. The values q = Π
of potential vorticity was chosen so that at the extreme righthand point (for h/R = 8), the value ω(h/R) coincided with ω(h)
for discrete vortices. Figure 2 shows an striking coincidence of
both curves on the whole interval (h/R)crit. Thus, it can be
argued that in the Bno merger^ (NM) region, the theory of
point vortices describes the behavior of the centers of potential
vorticity patches, quite satisfactorily.
In the narrow (green) interval 1.7 > h/R ≥ 1.66 (note, that
Waugh (1992) gives a close interval 1.72 > h/R ≥ 1.65), there
is an intermediate Bmerger → symmetrical separation regime^
(MSS) regime, where the vortex patches first merge, and then
the formed quasi-elliptic vortex patch is again divided into
two almost circular vortices. The vortices continue to rotate
relatively to the vorticity center without merging.
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Fig. 1 Vertical cross sections of two identical cyclonic vortices: a in a barotropic fluid; b in the upper layer of the two-layer fluid. The notations are h half
distance between the centers of the vortices, d is overall depth, d1 and d2 are thicknesses of the upper and lower layers, respectively

An example of this interesting behavior is given in Fig. 3.
At first glance, it would seem that this regime can be attributed
to NM type, but from the point of view of the water mass
exchange, it is different. Indeed, here, we seeded a set of
passive particles in the left-hand vortex; these particles were
initially uniformly distributed along of 20 concentric circles.
After the merging of the vortex patches (from t = 2 to t = 4),
these particles started to propagate along the common boundary of the new (merged) vortex, and the subsequent separation
showed that the labeled particles appeared in both vortices.
This experiment clearly shows that there was a partial exchange of water masses between the initially isolated vortices.
In this case, further merging between vortices was not observed; this is due to the loss by each vortex of part of its mass
via filamentation, during the active stages of vortex interaction: if at the initial time h0/R0 = 1.69 (h0/R0 = 1.690), then
after separation (t ≥ 6), we have h = 1.6935, R = 0.9942,
and, consequently, h/R = 1.7034 > (h/R)ctit.
The results of this experiment can also be interpreted from
the point of view of the stability theory of an elliptical vortex,
which, as is well-known (Kirchhoff 1876, Love 1893), is unstable if the ratio of large a and small b semi-axes exceeds 3.
More than 90 years later, Kozlov and Makarov (1984), using

the contour dynamics method, showed that the first evidence
of the development of instability actually appear at ratio a/b ≥
3.3.
During the merging stage of initially circular vortices, the
resulting quasi-elliptic structure at t = 2 satisfies this condition
(a/b ≈ 5.3).
The Bmerger^ regime (M) in Fig. 2 is observed for two
intervals of h/R. Figures 4 and 5 show two examples of this
regime for the right and left intervals in h/R, respectively.
In the first case, at h/R = 1.62, the merger is accompanied
by a significant filamentation process. Due to the procedure of
contour surgery, which works as an artificial dissipation, eventually the filaments disappear, and the final state is one cyclonic quasi-elliptical vortex. In this case, the vortex area loss
is 16%. In the second case, at h/R = 1.37, filamentation is more
intense, the area loss is 28%, and the resulting cyclone forms a
shape that is closer to circular (though a few spikes continue to
propagate around the vortex), as a result of its interaction with
peripheral vorticity fragments.
Returning to the stability problem of an elliptic vortex, we
note that in both these cases, the instability condition does not
hold for the formed vortices because of a/b ≈ 2.9 in Fig. 4 and
a/b ≈ 1.2 in Fig. 5 at t ≥ 17.

Fig. 2 Angular velocity ω of two identical barotropic cyclonic vortices as
a function of h (discrete vortices, dotted black line) and vs. h/R (VP with
radius R, solid magenta line). The various regimes for the VP can be
characterized as follow: NM (no merger), h/R ≥ 1.7, cyan interval; MSS

(merger → symmetrical separation), 1.7 > h/R ≥ 1.66, blue interval; M
(merger) 1.66 > h/R ≥ 1.55 and 1 ≥ h/R > 1.35, red intervals; MT (merger → triplet), 1.55 > h/R ≥ 1.35, green interval. The dashed vertical line
(h/R)crit = 1.7 represents the lower boundary of the NM interval
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Fig. 3 An example of MSS
regime implementation at h/R =
1.69 (blue interval on Fig. 2).
Here and elsewhere, the dimensionless time scale is half the internal rotation period of each
vortex

The most appealing regime is the Bmerger → triplet^ regime (MT), when, after the merging of initially circular vortices and the intermediate stage of filamentation, a cyclonic
Fig. 4 First example of the M
regime at h/R = 1.62 (right red
interval in Fig. 2)

configuration is observed that remains in the central area of
the domain, and a pair of peripheral vortices of the type 1+2—
triplet. The name Btriplet^ is chosen to distinguish this vortex
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Fig. 5 Second example of the M
regime at h/R = 1.37 (left red
interval on Fig. 2)

structure from the tripole in which the central core and the
vortices satellites have opposite signs of vorticity.
Fig. 6 Example of the MT regime
at h/R = 1.53 (green interval on
Fig. 2)

Figure 6 shows an example of the development of the MT
regime. In order to accommodate the long-term evolution of
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the vortex structure in one figure, three configurations of the
vortex contours are presented in each panel through two units
of dimensionless time: blue (t = 0, 6, 12, …), red (t = 2, 8, 14,
…), green (t = 4, 10, 16, …). Figure 6 allows us to elaborate
the following scheme for triplet formation: at t = 4, crests are
formed at the two ends of the quasi-elliptic contour, which, by
time t = 6, close on themselves and become ready for separation from the central part of the vortex. At times t = 8, 10, 12,
and 14, the separated tadpole-shaped structures are more and
more elongated, their frontal parts are filaments, and small
circular vortices are formed on their rear parts. At t ≥ 16, two
separated circular vortices continue to rotate around a compact
central quasi-elliptical core; the elongated filaments
Bdissipate^ with time. In the time interval from t = 16 to t =
94, the peripheral vortices perform almost two complete rotations; this suggests that the triplet formed by this scheme is a
quasi-stationary vortex structure. Note that Kozlov and
Makarov (1984) also obtained the formation of triplet structures from sufficiently elongated ellipses.

Fig. 7 Regime diagrams of two
initially circular vortex patches of
unit radius in the upper layer of a
two-layer fluid in the (γ; h)
plane: a d1 = 0.5; b d1 = 0.25; c
d1 = 0.1; d d1 = 0.02. Here, we
introduce new notations: MNS
(merger → nonsymmetric
separation, magenta areas), DMT
(double merger → triplet, yellow
areas), MP (merger → pentaplet,
gray area). Black circle markers
correspond to the experiments
illustrated in Figs. 8–13

Ocean Dynamics (2018) 68:723–733

3 Vortices in the upper layer of a two-layer
fluid
Mesoscale and sub-mesoscale processes in the surface ocean
layers, on the one hand, play a crucial role in the formation of
the basic properties of the water column and, on the other
hand, reflect many dynamic characteristics in the intermediate
and deep levels. The analysis of vortex dynamics performed
by Chelton et al. (2011), for example, relies on surface data
(sea surface height anomalies or SSHA). But it has been
shown that the use of independent surface data (SSHA and
SSTA—sea surface temperature anomalies) is complementary
and can help distinguish which vortices observed at the ocean
surface lie there, or on the contrary, lie at greater depths
(Assassi et al. 2016; Ciani et al. 2017). Thus, the study of
the vortex interactions in the surface layers are important both
for theoretical and applied purposes.
Figure 7 presents a synthesis of a large number of numerical experiments in the form of diagrams on the (γ; h) plane
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Fig. 8 Family of vortex contours at time t=0, 1, …, 100 (more than 10 turnovers) in NM regime at d1 = 0.2, γ = 3.5, and h = 1.44 (marker in cyan area of
Fig. 7d)

for all possible regimes of interactions of two cyclonic eddies
of the upper layer for different values of its thickness d1. The
lower layer is assumed to be passive. Parameter γ is introduced by (2). It characterizes the strength of stratification,
and h is equivalent of h/R, because we assume R = 1 for the
sake of simplicity.
It should be noted that the boundaries between all regimes
(those that were observed in the barotropic case and the new
ones) essentially depend both on the thickness of the upper
layer and on the stratification parameter γ. Moreover, this
dependence increases when decreasing the thickness of the
upper layer (from panel (a) to panel (d)). The general trend
is that, as d1 decreases, the area of NM (no merger) expands by
reducing its lower boundary. This effect is further demonstrated in Fig. 8, which depicts a family of vortex contours that
have made more than 10 turnovers around the vorticity center
at d1 = 0.02 with an anomalously small distance between their

Fig. 9 The example of MNS
regime at d1 = 0.5, γ = 0.5, and
h = 1.6 (marker in magenta area of
Fig. 7a)

centers h = 1.44. In this figure, the first five panels represent
the configurations of the vortex contours at the times from 0 to
4, and on the sixth panel are placed 96 pairs of contours at the
times t = 5, 6, …, 100. With time, these curves will fill the
entire annular region in a continuous manner.
There are also new regimes of interaction of vortices in
stratified rotating flows that were not observed in the
barotropic situation. Let us consider them sequentially:
&

MNS (merger → nonsymmetric separation, magenta areas
in Fig. 7). An example of such an interaction is shown in
Fig. 9. Initially circular vortices rotate, approach, and
merge, forming a quasi-elliptical vortex. At time t = 8,
the vortex begins to lose symmetry, and at t = 10, it divides
into two unequal parts. After the intermediate stage of
filamentation, two unequal vortex patches evolve toward
a quasi-stable rotation relative to the common vorticity
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Fig. 10 Example of the MP
regime at d1 = 0.25, γ = 4.8, and
h = 1.58 (marker in gray area in
Fig. 7b)

&

center. In this case, the ratio of the areas of larger and
smaller vortices is 3.08:1; the area loss via filamentation
is about 12%.
MP (merger → pentaplet, formation of a configuration
1 + 2 + 2, gray area in Fig. 7b). Figure 10 shows the

Fig. 11 Two examples of DMT
regime at d1 = 0.1, γ = 4.2: a h =
1.46 and b h = 1.34 (two left
markers in yellow area in Fig. 7с).
Display is similar to that in Fig. 6

formation of an elongated vortex from the merger of two
initially circular vortex patches at t = 3, 4; then, small vortices break out from the end sections of the ellipse (as in
the MT regime), and then, at times t = 7, 8, the same splitting process is repeated. As a result, we obtain a vortex
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&

structure from the central cyclone and four cyclonic satellites, which remain at the vertices of the rotating diamond
between t = 8 and t = 12. This configuration is unstable
and, with time, symmetry is lost. In this case, the ratio of
the areas of the central vortex to the total area of the satellites is 9.93:1. In the process, 19% of the area is lost via
filamentation. Although the area corresponding to this regime on the diagram is small, this type of vortex interaction is not exotic. Similar configurations arise, for example, in the interaction of two intrathermoclinic lenses
(Filyushkin and Sokolovskiy 2011; Fig. 9) or two subsurface vortices (Ciani et al. 2016, where such structures are
named Bm-vortices^).
DMT (merger → triplet → merger → triplet, yellow areas
in Fig. 7c, d). The features of this type of interactions are
worthwhile to be considered with more details. Figure 11
shows two examples of this regime. The graphical settings
are the same as in Fig. 6. For h = 1.46, after the satellite
vortices have described about a quarter revolution (from
t = 8 to t = 20), rapid merger between the central vortex
and the satellites occurs at t = 22 (Fig. 11a). Then, they
separate again, and a new triplet has time to make a nearly
full turnover. Note that in the second stage, the satellite
vortices have a larger area than in the first stage. In
Fig. 11b, where h = 1.34, the situation is the opposite:
peripheral vortices decreased in area after an intermediate
merger.

Figure 12 shows the details of vortex evolution in double
merger triplet regime at h = 1.46. The red circular marker in
panel (a) corresponds to the position at which one of the peripheral vortices of the triplet was formed in the first stage.
Next, the red line is its trajectory, terminating at the point where
the intermediate merger occurs (where there is a square marker). Then, the round green marker sets the place for the reformation of the satellite vortex. Its trajectory (the green line)
continues up to the center of the peripheral vortex at t = 66
(square marker). The panel (b) shows that the distance between
the center of the peripheral vortex and the vorticity center is a
quasi-periodic function of time (solid red and green lines). The
dashed lines represent the time dependence of a similar distance for the most distant point on the contour of the pulsating
central vortex rf. These curves are not as regular as rc, since the
vortex is not a solid structure, and the outermost point on this
deformed contour does not always correspond to the outermost
point on an equivalent ellipse. Nevertheless, it can be seen that
the period of oscillations of the shape of the central vortex is
approximately half that of the corresponding period of the
vortex satellites. This figure also confirms the obvious fact that
at the moments of separation and of merging (by both pairs of
red markers and a pair of circle green markers), rf takes the its
maximal values and rc its minimal ones.
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In the examples of triplet structures discussed above
(Figs. 6 and 11), the peripheral vortices are much smaller than
the central core. However, in the last example, in Fig. 13, it is
shown that variants of the DMT regime with relatively large
vortices satellites are possible. In this case, the areas of the
vortices which separate at the first and second stages remain
unchanged, and the ratio of the areas of the central vortex to
the total area of the satellites is 4.57:1.
Note that the DMT regime is very weak when d1 = 0.02 (it
was not observed in the limiting case d1 → 0 by Carton et al.
(2016) nor by Ciani et al. (2016)); it is completely absent at
d1 =0.5 and d1 =0.25, and it is fully realized only in a relatively
thin upper layer with d1 =0.1. Note that the MT regime was
also obtained by Carton et al. (2016) (Fig. 6a), but it is
discussed very laconically there.
Nevertheless, vortex triplets are a recurrent attribute of the
merging process for wide intervals of the external parameters
(in the MT regime). The initial stages of the formation of
peripheral vortices are observed in practically all numerical
experiments when the vortices merge [see Fig. 5 here, and

Fig. 12 Analysis of the DMT regime at d1 = 0.1, γ = 4.2, h = 1.46.
Everywhere, the circle markers correspond to the initial points of the
curves, and the square ones correspond to the final points: a The
trajectory of the center of one of the peripheral vortices at the first stage
of its existence (from t=8 to t=20) is the red line, and in the second stage
(from t=24 to t=66) is the green line. b The time dependence of the
distance from the center of rotation to the center of one of the
peripheral vortices, rc(t), are the solid lines. The same dependence of
the distance to the maximum outlining point on the central vortex
contour, rf(t), is the dashed lines
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Fig. 13 The third example of
DMT regime at d1 = 0.1, γ = 4.9,
and h = 1.52. Display is similar to
that in Fig. 6

also Figures 16 and 19 in Polvani et al. (1989), Figs. 9a and
10a in Waugh (1992), Fig. 6b in Carton et al. (2016)]. Then,
they Bdissipate,^ and there remains only one central core. Of
course, the parametrization introduced by the procedure of
contour surgery is subjective, and thus the boundary between
the regions M and MT is determined approximately.
Nevertheless, our numerous calculations and, in particular,
Figs. 6, 11, and 13 convincingly confirm that the process of
formation of quasi-stationary triplet structures is a manifestation of an objective phenomenon.

4 Discussion and conclusion
In this paper, we studied the features of the interaction of two
initially circular vortex patches located in a two-dimensional
flow, or in the upper layer of a two-layer quasi-geostrophic
flow. The contour dynamics method allowed us for various
final vortex structures, depending on the upper layer thickness
and the parameter of stratification. The Lagrangian nature of
the method, combined with the surgery technique, clearly
shows that the vortex merger process is always accompanied
by filamentation and/or splitting and detachment of smallscale vortices. At the same time, a loss of the original mass
is observed and is sometimes quite substantial. Of importance
is that this study shows the existence of new quasi-stationary
triplet-shaped states and determines their domains of existence
in the space of external parameters.

We suggest that this kind of vortex triplets is an essential
attribute of both barotropic and quasi-geostrophic dynamics in
the ocean. With the increase in resolution of both satellite and
in situ autonomous sensors, such structures could hopefully be
detected at sea. It would also be of interest to search similar
vortex structures and to simulate their formation in laboratory
rotating tank experiments.
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