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Statistical self-similarity of spatial variations of snow
cover: verification of the hypothesis and application
in the snowmelt runoff generation models

L. S. Kuchment™ and A. N. Gelfan

Weter Probienns [aanitute of Russian Acadeny of Sciences, 117735, Gubkin 3, Moxéom, Russin

Abstract:

An analysis of snow cover measurement datd in @ number of physiographic regions and landscapes hiss shown that
fields of snow cover characteristics cun be considered as rmandom fields with homogenveous increments and that these
fields exhibit statistical self-similarity. A physcally based distributed model ol snowmelt runofl generation developed
for the Upper Kolyma River basin (the catchment aren is about 100 000 kmn? ) has been used w estimate the sensitivity
of snowmelr dynanics over the basin and flood hydrogruphs w the parumetenzation ol subgnd effects based on the
hypothesis of statistical self-similarity of the maximum snow water equivalent fields. Such parametenzation of subgrid
effects enables vs to improve the description of snowmelt dynamies both within subgnd areas and over the entire nver
basm, The snowmelt Aood hydrographs appesr less sensitive to the sell-similanty of snow cover over subgrid areas
than to the dynamics of snowmell because of a 100 large catchment area of the basin under conspderation. However,
for ceptuin hydrometeorological conditions and for small river basins this effect may lead ro significant changes of the
calculoted hydrographs: Copyright © 2001 Jobn Wiey & Sons, L,
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INTRODUCTION

A distinetive feature of snow cover is its high spatial variability. The small-scale variations of snow depth
and density caused by spatial variation in topography, vegetation, and local meteorological conditions are
superimposed on the large-scale variahility of snowfall associated with global atmospheric circulation and
physiographic zones. Distributed numerical modelling of snowmelt runoff gencration is based on dividing a
river basin into grid cells. Within each cell, the model inputs and coefficients are considered to be spatially
uniform. The absence of data representing the small-scale subgrid vanations of snow cover characteristics
may lead to errors in modelling snowmelt runoff generation even for small grid sizes. For éxample, it is very
difticult to take into account the spatial vamations of snow cover induced by ravine networks, small-scale
variation of mountainous relief, and differences in types and density of vegetation, The measurcments of snow
depths or snow water equivalents are commonly carried out rregularly in space. and do not oftén provide
direct representation of the spatial snow variability that is necessary for correet estimation of the river basin
water balance or for describing the influence of snow on the runoff generation processes.

It is well established that the spatial variations of snow depths and snow water equivalents lor a given
region can be considered as random fields variables for which areal statistical distributions follow lognormal
of two-parametric gamma probability laws fe.g. Kuznun, 1963; Gouschalk and Jutman, 1979 Kuusisto,
1984; Killingtveit and Sand, 1991; Shook and Gray, 1997). However, these random helds imay be strongly
heterogenecus, and the statistical parameters needed for construction ol probubility disiributions may vary
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in space ‘and us u function of the area size. The number of measurement points needed Tor reasonable
estimation of spatial variance or higher statistical moments is commonly sufficient only for areas that are
significantly larger than the grid cells of numerical runoff models or. vice versa, only for a small pant of
these grid cells, Thus, it is necessary 0 assign the statistical parameters tor domains without measurements
or transter these parameters (rom the larger or smaller domains. An opportunily o solve this problem is
presented by investigating regularities in the stochastic spatial structure of snow characteristies and searching
for relationships between variatons of these characteristies for different spatial scales,

Early work in this field includes the theory of random fields with homogeneous increments in meteorvlogy
(Gandin, 1963; Monin and Juglom, 1967), and in geology the development of geostatistics (Matheron, 1967),
The theory of fractals (see Mandelbrot (1982) and references cited therein) has also been used successfully to
understand the relationships between statistical parameters of different spatial scales. The linkages between
geostatistical characterization of random fields and their fractal models have been demonstrated (Bruno and
Raspa. 1989). Both these approaches, under the certain property of random fields commonly called stanstical
self-similarity, enabled us to transfer statistical parameters for one scale to statistical parameters for other scales
using @ simple scaling transformation of the random varable. Thus, the problem of accounting tor subgnd
variations of 4 spatial variable was simplified by applying the hypothesis on the statistical sell-similanty. The
fractal theory and the hypothesis on the statistical self-similarity has been applied for modelling of random
fields of elevations (Mark and Aronson. 1984), rainfall characteristies (Lovejoy and Mandelbrot, 1985), soil
constants {Burrough. 1983}, and a number pf other geophysical variables (Kundzewicz. 1995).

The fractal and statistical self-similarity concepts were also used successfully for some research on the
spatial structure of snow cover: however, most ol these investigations were assoCiated with analysis ol snow
coveréd areas. Fractal ecometry was used for deseribing snow patches and change in snow covered areas
during the snowmelt processes (Shook and Gray. 1996, 1997). Based on the analysis of the four sets of
snow covered areas variograms, derived from remotely sensed snow cover images and images obtained in the
laboritory, Blaschl (1999) demonstrated that snow covered areds have Trucwl properties that are preserved
for a large range of spatial scales. Shook and Gray (1996), using the spow measurement data along 1000 m
transects on flat stubble fields near Saskatoon, Canada. showed that the spatial distribution of snow depth
and snow water equivalent were fractals for small scales. They also demonsirated that the seale for which
the snow cover was ractal depended on the topography and vegetation. The objectives of our study are the
following: (1) to verify the hypothesis of statistical self-similinty [or snow cover for wide ranges of spatial
sciles and physiographic conditions: (2) to use relationships following from this property for parametern zation
of subgrid effects in a distributed model of snowmell runetl generation; and (3) to determine the effectiveness
of this parameterization for improving the modelling of snowmelt runotf.

THEORETICAL BACKGROUND

According to Gupta and Waymire (1990), statistical self-similarity is a properly ofa given random varible
S(x), where the probability distribution of Six) within any cell £, of an area F is the same as the distribution
over the whole arca F. if a scaling transformation of this variable within F; is made. An éxample of a scaling
transforniation is when the variable S(¢) is multiplied by a factor ™, where r 15 a constant depending on the
ratio of £, to F and [ is a constant depending on a measure of spatial correlation of Stx). In this case, the
conditions of the equality of probability distributions of Stx) within the areas F and F can be presented as
the following relation between corresponding statisticul moments E[5," | and E[S#"] of order n:

Eisi" | = M ESF"] (1

As seen from Equation (1), if we confine ourselves to the first two momenis, then one of the conditions
of the statistical sell-sirnilarity is that the coefficient of spatial variation is 4 constant and does not vary
with size of ares under consideration. Kuchmient ¢f af. (1986) uséd this assumplion 1o ke into account the
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SELE-SIMILARITY OF SPATIAL VARIATIONS OF SNOW COVER 3345

subgrid variations of saturited hydraulic conductivity, however, without proper theoretical interpretation and
vahdanon,

I the random field S(x) is heterogeneous, but its merement (i) = Stx + i) — S(x) is homogeneous and
isotropic, then 1t 1s possible to construgt the vinogram

yih) = E1SGe + h — Sl (2)

where §(v) and S(x + #) are values of the random vanable w poimts & and x +h respectively.
If the variogram of the value of S(x) hus the power structure

yih) = ah™ (3)

where & dnd M are constants, then for the inerements with steps of /v and rh the following equality can be

wriiten:
ol =7 1 (4]

Determining the statistical mements for both sides of Equation (4), we dertve Bquation (1), Therefore. the
random variables whose variograms demonstrate power structure are statistically self-similar,

An example of the self-similar randon varable is the Brownian rundom process with the increments /(1)
being the Gaussian white poise and the variogram expressed by the function in Equation (3) wt H = 0-5.
In a more general model of a self-similar random process: suggested by Mandelbrot (see references in
Mandelbrot (1982)) and called the fractiomal Browniuan process, the variogram was represented by the Tunction
in Equation (3) at 0 < H < 1. It H = 05, the increments of this process are positively correlated und large-
seale variations prevail; il B < 0-5, the increments are négatively correlated und small-scale variations prevail.
Asa measure of irregularity of a random surface and correlation of the large-scale and small-scale variations,
Mandelbrot also introduced the fractal dimension L) such that

D=E+1—H 15)

where £ is. the topological dimension. Therefore, it is possible to estimate the fractal dimension of w Fractal
surface by studying the fractal dimension of irs section or poinis along a straight line. According to Matheron
(1967) and Feder (1988) by averaging the variogram in Equation (3) over two embedded circles or squares
with arcas F and F, having a centre al pomnt xy, we obtain:

iy — Sy = 't (g — 8y 1)

P, .
= Jl'rf (7

where Sy = Sag ) mig and -.-:-,L are rﬁpeclne]v the mean and the variance of S(x) over the area Fy:mg and {T‘}'
are respectively the mean and the varance of Siv) over the area Fr = ST TF. These relations allow one
to carry oul scaling of statistical pardmelers of Stx) at relevam choice of embedded areas and St ). IT one
assigns S(xg) = 0. then the coefficient of spatial vaaation of §(x) for Fy and 7 is equal. 1f there are measured
vilues of my and mg, it is possible to carry out only sc -aling of the vanance. using bBquation (7).

VERIFICATION OF THE HYPOTHESIS ON STATISTICAL SELF-SIMILARITY OF SNOW COVER

The available informution about snow cover distribution includes two forms of data: (1) point measurements
along straight-ling snow courses, and (2) snow cover data calculated by averaging the snow course measure-
ments. The snow courses are commenly chosen to represent the micro- and meso-scale varability of snow
cover for different types of landscape and relief. The required length of snow courses varies from 100 m
to several kilometres, and the distance between sampling points can be 10, 25, 50 or 100 m depending on

Cospright © 2001 John Wiley & Sons. Lid, Hydrol, Process. 18, 33433355 (2000
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local conditions (e.g, Kuzmin, 1963; Garstka, 1964; Kuusisto, 1984). To analyse the stochastic structure of
spatial snow characteristics, it was necessary to have sufficient number of snow courses inside the area under
consideration. In this case. the linear scales of the area covered by snow are usnally more than 15 o 20 km.
Taking into account these peculiarities of snow cover measurements, we investigated the statisteal structure
of snow cover for the snow courses and for the areas separately.

Figure li represents a typical example ol the snow depth variation along the 7 km snow course on an open
plot near Moscow. based on the snow measurements carried by Moscow University Hydrological Department
(the distance between data points was 25 m). The variabilities of the snow depth over the first 700 m of this
snow course using 4 sample spacing of 25 m and over the entire snow course using a sample spacing of
250 m gie shown in Figure 1b and ¢ respectively. As seen in Figure 1, the snow depth varability over this
snow course at-different spanial scales had a similar structure,

Figure 2 shows the variogram of the snow depth variations for the snow course under consideration together
with the variograms of snow depth variations in other landscapes construcied on the basis of the snow
measurements in the following regions: (a) Tien-Shan region (mountainous terrain): (b) North of Alaska
(rundea); (¢) Valday region (forest zone): (d) the Oka River basin (forest zone): (¢) the Don River basin

40 |

20 - ,

0 ' v ' . -
25 1250 2475 3700 4925 B150
&0 -

40 -

20 4

Snow depth, cm

ﬂ T 1 L =3 r

25 150 275 400 525 650

B0 - [

404

20

{ : ; i : :
250 1500 2750 4000 5250 B0

h, m

Figure | Snow depth measuremeni slonga 7 kmosnow course: (u) all dota; (b) the hrsg 7080 m owith (he resolution equal o 25 m; () 7 km
with the resolution el 1y Z50'm

Copynght @ 2000 John Wiley & Sons, Lud f{].'.:ilnu'. Provess, 15, 334333535 (20009



SELF-SIMILARITY OF SPATIAL VARIATIONS OF SNOW COVER 3347

1ﬂtﬂﬂlﬂ -
1000 -
Y
£ &
o
-
c
100 -
a8
{
10 7 T |
1 10 100 1000

h, m

Figore 2 Vanograms of snow depth for seales. from tens 1o huodreds meters: (a) Tien-Shan region; (hy Alsska: (21 Voldoay region: (d) okas
river basing (e) don river basing (F) lower Volga region

(forest sieppe 2one): and (1) Lower Volga region (steppe zone). The data used 1o consiruct these variograms
were taken from Dunaeva ef al. (1960), Trifonova (1962), Brown and Johnson (1965}, and Kopanev (1971).
As seen in Figure 2, the spanal variograms of snow depth in logarithmic coordinates were approximated quite
well by linear functions, and we can consider the variations of the snow depth at chosen snow ¢ourses as the
fractional Brownian processes.

The fractal dimensions of snow depth determined using Equation (3) (E was taken 1o be equal 1o unity
because the data of linear snow courses were used) are shown in Table I, and vary within a narrow range.
The values of H showed in Tuble T were close to the estimates of ' obtained by Shook and Gray (1996) [or
scales 20100 m.

Table 1. Fractal dimension of the snow depth

Region Number Lower Upper Exponent of Fractal
of dita limit of limit of VA OZram dimension of
points distances  distances =standurd surface
() (m) deviation
Tien-Shan region (mountains) ] () 2000 030 = (.03 |83
Vilday region (forest plain) 50 20 1) 015 =001 |93
Dubovskaya water balance station (steppe) 114) 2 000 018 =0-02 a1
North of Alaska (tundra) 100 100 1'421) 015 =004 192
Oka River basin (open plain) 280 25 TOOO (122 ()01 189
Lower Volga region (steppe) 1K) 20 2000 (36 + 003 1-82

Copynght © 2061 John Wiley & Sons, Lid; Hyddril. Process. 15, 33433355 (2001)
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Becuause the spatial varistion of snow density 1s small by companison with the snow depth. and snow depth
and snow water equivalent are strongly correluted values, the ficlds of snow depth and snow water equivilent
have: similar structure. In order to investigate the areal structure of the snow cover, we used measurements
of maximunm (before melting) snow water equivalent in six physiographic regions of East Europe and the
Kolyma River basin (North-east Russia), We obtained these data from the Agrometeorological Annuals:
which were published by the Hydrometeorologieal Serviceé of the USSR, Below is a short description of the
regions.

(1) This region with an areil of 48000 km® is situated in the northwest of Russia and partially includes the
drainage arca of the North Dyvina. Mesen, Pechora and Upper Volga Rivers. The region has low relief
dominated by forest vegétation, except for the northern part where the vegetation consists largely of mixed
forest and mindra. The zonal distribution of snow cover is expressed weakly, but, in general, the forest has
highet snow cover than the wndea,

(2) The apper and middle part of the Volga River basin (31 000 k m* in ares) is mainly o plan rugged relief
with small differences in elevation and with forest vegetation,

(3) The region is 4 sub-basin of the Kama River basin with a size of 42000 km=. The upper part of the region
is mountainous and is bounded to the cast by the Ural Mountiins: the middle and lower part ol the region
is o mlly plun.

(4) This region s located in the Don River basin (mainly the Sosna River basin) and covers an area ol
21000 km-. It is a rugged pliun in the forest—-steppe zone,

(5) This region covers an area of 34000 km® in the hasins of the Dniester, South Bug and Pripyit (ihe west
part of the Ukraine). About 30% of the region is in the foothills of the Carpatlnan Mountains with forest
vegetation; the rest of the region is o forest-sleppe zonce.

(6) The upper part of the Kolyma River basin (draimage area s 99400 ko) s a mountainous area with
elevations ranging from 1000 to 1200 m to 1700 10 2000 m. Most of this arca is covered by tundra and
taiga vegetation, A significant portion of the basin is barren ground. This basin is located in the zone of
continuous permafrost,

The spatial varogrims of the maximum snow water equivalents for all six physiogruphc regions are
depicted in Figure 3, which shows that all these variograms are well approximated by the power functions
and, consequently, the conditions of homogeneity of inerements and the self-similarity are saushied. The
number of sample points. the long-term mean of the areally averaged maximum snow water equivalents and
their standard deviations, the exponent of power variogram, and the tractal dimension for each region are
siven in Table 1T (E was taken 1o be equal o two).

The ealculated values of . both for the snow courses in different landscapes and also for the physiographic
regions, have relatively small differences. The fractal dimensions for the forested drea tend to have slightly
higher values. The relatively small value of the fractal dimensions for the Kolyma River basin is explained
by its mountainous relief, The values of A lor all variograms were less than 0-5, and thus the spatial
merements of the snow depth or the snow water equivalent were negatively correlated. mdicating  that
these characteristics appeared relatively noisy and the short-range effects in their variations dominated
(the sign of the derivations from the mean values of these lunctions often alternates). Such antipersistent
propertics of spatial variation are also typical for spatial distribution of rainfall (Gupta and Waymire, 1990),
topography (Mark and Aronson, 1984), and a number of soil purameters (Burrough, 1983). However, regardless
of dominance of short-range elfects, the correlation of increments extended over arbitranly large: spatial
scales.

Copyrighy © 2000 John Wiley & Sons, Litd Hyvdrol. Proceys, 15, 33433355 (2001
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PRI AROW water SNOW waler stundard
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MNorthern European Russia 63 142 i4 30+ D-05 185
Central Evropean Russia 4 116 7 022 4+ 003 2.89
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Sosna River basin: 30 32 32 028 4 102 2:-Bh
Curputian Region 40 ) 32 0:31 £ 008 2.
Kolyma River basin 2{) CEE 49 0-67 £ 007 266
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THE APPLICATION OF THE HYPOTHESIS ON STATISTICAL SELF-SIMILARITY OF SNOW
COVER CHARACTERISTICS

In order w estimate the sensiuvity o modelled snowmelt runofT o scaling of show cover spatial variance,
we applied the distributed runoff generation model developed for the Upper Kolyma River basin (Kuchment
el el 2000).

The model is based on @ finite-¢lement schematization on the river hasin and describes the following
processes of runoff generation in the permafrost regions: snow cover formation und snowmelt, thawing of the
cround, evaporation, basin storage dynanucs, overland, subsurface. dnd channe! flow. The masimum snow
water equivalent S values were determined for each finite-element with aid of the Thiessen method usimg the
records at 20 snow measurements stations. The schematization of the basin and the location of data points
are shown in Figure 4.

In order 1o descnbe vanatuons of § over each subegnd areq, the following procedure was developed: we
assumed that the areal distribution of the initial value of § within each subgnid area satisfied lognormal
probability law. The mean value of § over the kth subgnd area (my) was assigned equal w the value of S
measured at the closest snow station. The varlance for subgrid areas of was assigned in two ways: (1) as

[/st-Srednekan

Figure 4 Sclwemdtiaation of the Upper Kolvrma River basin and the locution of dita pasints

Copsriglt © 2001 John Wiley & Sons. Lid! Hydml. Process. 15, 33433335 (2001
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a constamt over the whole basin area o7 (this approuch was used during the calibration of thé model); and
(2) as calculated. according to Equation (6):
. ‘F-L (67 "

The value rrﬁ- was estimated using 20 data points ' (the standard error of estimation was about 135 under
the condition that the values of § were distributed by Tognotmul probability law),

The reduction of the subgrid variance reduced the portion of subgrid area with large values of the snow
water equivilent and the snowmelt ends earlier. Figures 5 and 6 reveal these effects for two snpowmelt events
(Springs of 1967 and 1975). In both cases, the culculated snow-covered area declined more tipidly when the
suberid variance of the snow water equivilent wis determined as a function of the subgnid area than il ths
variance wus assigned 1o be equal to the constant value determined for the whole niver basin. However, the
difference in the distributions of snow-{ree arett was significantly larger for the 1967 Spring event. We explain
this by a more uniform distribution of snow c¢over over the busin.

The results from companing the observed hydrographs with the hydrographs caleulated when oy was
constunt for the whole basing and when o, was detemuned for cach finite-clement area taking into accoun
their sizes, are given in Figure 7. Table 111 contains a comparison of the peak discharges caleulated using

",4"10“:J
,.-"I o :
I "'ru'-.'
‘*\/ 2

Fgore 5. Spatal distnbwnon of calculited snow water equivalent 5 (mmi for 20 May 1967 (aj the wariapge of 5 depended on the size of
subgnd areas; (hy the vanance of 5 was assigned as @ constant for the whole basin

Copyright © 2001 John Wiley & Sons. Lid Hudrol, Process, 15, 3343—3355 200])
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Flgure 6. Spatinl distribution of calédlaed spow water equivilent 5 (mrm) for 20 Muy 1975: (0)the varionce of § depended on the sie of
subgrid areas: (b) the variunce of § was assigned as o constant for the whole hasin

both ways of assigning variunce og. Because the lag time of the Upper Kolyma River basin is large-enough
there is some smoothing of differences in timing of snowmelt water inpuls from different basin areas, and
the sensitivity of the modelled snowmelt nunoff to scaling of snow cover spatial variance was significantly
less than the sensitivity of snowmelt water inputs. However, as seen from Figure 7 and Table 111, in most
cases thure was a perceptible increase of snowmelt peak discharges when the size of area was taken into
account when assigning oy. Such increases reached 20% for 1974 and 30% for 1967 when the snowmcelt
periods were long. Scaling of snow cover spatial variance did not improve calcutation of the hydrographs
{'Figun_: 7y, This was a result of calibrating the model parameters without this scaling. At the same time,
it is possible 1o assume that, with some hydrometeorplogical conditions and for small niver basins, this
scaling may allow one to improve the calibration of model parameters and the accuracy of calculuring
runofl generation processes.

CONCLUSIONS

(1) The analvsis of snow measurements carried out i different physiographic regions showed that hields of
snow caver charactenistcs may be considered as random fields with homogensous increments.

Copyright © 2001 John Wiley & Sons, Lid. Hydnil. Prowess, 15, 1433355 (2UNH )
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(2) The variograms of these fields were approximated by a power function. and. consequently. these fields
were considered statistically self-similar.

(3) To transfer from statistical parameters of snow distnibutions for large areas to statistical parameters for
small areas, it was possible 1o use Equations (6) und (7).

(4) Use of self-similurity of snow cover for parameterization of subgrid effects enabled us to improve the
deseription of snowmelt dynamics both within subgrid areas and for the whole fiver basin,

Copyright © 2001 John Wiley & Sons, Lul MHyvdrpl Provess. 15, 3333=3355 (2001)
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Table 111, Peak discharges of snowmeit Hoods calculated
with different gpproaches o describing subgnd changes
of show water eguivitdent

Yeur Peak discharge (m' s7') Deviation (%)
/., = 0F 7y, = 0F
1976 5921 5506 8
1975 5304 SELR =2
1974 (330 5421 0.
1973 3654 3433 (&
1972 I EY 5577 10
14971 4226 IK72 Q
470 3639 3550 2
1969 1527 US| 8
1968 LaT7H 1653 -]
1967 8601 HH 58 29
Ayerige 6211 5702 9

(5) The sensitivity of snowmelt flood hydrographs to the variance of the snow witer equivalent on the size of
subgrid areas was less than for snowmelt dynamics. However, for some hydrometeorological conditions
and for small river basins this effect may lead to significant changes in the calculated hydrographs.
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